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Life Contingencies with Stochastic Discounting 
Using Moving Average Models 
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Abstract§ 
This paper offers simplified procedures for calculating moments of func-
tions in life contingencies when the random force of interest is modeled using 
an unconditional moving average process of order q, MA(q). It extends the 
MA(l) model that has been used for stochastic discounting. Using the more 
general MA(q) model allows actuaries to better capture the autocorrelation 
between successive interest rates in a time series. 
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1 Introduction 
1 .1 Background 
The theory of life contingencies comes from deterministic begin-
nings. Random fluctuations in risk factors such as mortality, morbidity, 
interest, and expenses historically have been ignored. Instead, actuar-
ies traditionally have attempted to allow for random fluctuations by 
using conservative assumptions for each factor. For example, in the 
calculation of the present values of the liabilities for a policy, actuaries 
can assume that mortality follows a known mortality table or that the 
variability due to mortality (Le., variability in future lifetimes) can be ig-
nored because of the presence of a large number of identical liabilities 
in respect to different lives. Similarly, the interest rate may be assumed 
to be constant, or an implicit allowance may be made by adopting a con-
servative estimate of future interest rates (Bowers et al., 1997, Chapter 
16, or Gerber 1995, Chapter 5). 
A next step in the development of life contingencies was the semi-
stochastic approach, which was to consider the time until decrement 
(death, disability, and so on) as a random variable in the calculation of 
the actuarial present value of actuarial functions, while the interest rate 
was assumed to be constant. 
Actuaries were criticized for failing to account for the variability 
in interest rates in their financial calculations. Only since 1970 has 
there been interest in actuarial models that consider both the time until 
decrement and the investment rate of return as random variables. 
Pollard (1971) and Boyle (1976) consider interest rate fluctuations 
by treating the force of interest as a random variable. Boyle (1976) 
examines the case in which the force of interest in any year is a normally 
distributed random variable that is independent of the force of interest 
in any other year. This simple assumption is explored further in Section 
2. 
Pollard (1971), on the other hand, models the force of interest using 
a stationary autoregressive process of order two. Panjer and Bellhouse 
(1980) and Bellhouse and Panjer (1981) develop a general theory for 
unconditional and conditional autoregressive models of order one and 
two of the force of interest. 
Giaccotto (1986) has developed an algorithm for evaluating present 
value functions when interest rates are assumed to follow an ARIMA 
process. Also Wilkie (1976), Waters (1978), Westcott (1981), de jong 
(1984), Dhaene (1989), and Frees (1990) consider stochastic interest 
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models in the calculation of the standard actuarial functions of life 
insurance mathematics. 
There remains a fundamental question: Is the stochastic nature used 
for the calculation of interest rates correct? Many actuaries remain 
skeptical about stochastic interest rate models because they believe that 
the results provided by such models are due to the peculiarities of the 
specific model rather than to any underlying reality. I 
In this paper we do not consider the consequences of the choice of 
an incorrect interest model. 
1.2 Objectives 
In this paper, we concentrate on certain time series models of the 
force of interest called moving average processes. 
Let ik represent the random effective rate of interest from time k 
to time k + 1, for k = ... , -1,0,1, .... Without loss of generality, this 
period can be considered to be one year. The force of interest in the 
kth period, C!k is defined as 
The sequence of C!kS is assumed to be a moving average process of 
order q (MA(q), q = 0,1,2, ... ) in the sense of Box and Jenkins (1976), 
i.e., for k = ... , -1,0,1, ... the C!kS are defined as 
C!k = {) + aoEk + alEk-1 + a2Ek-2 + ... aqEk-q. (1) 
Here {) is the mean about which the C!kS fluctuate, and the EkS are inde-
pendent and identically distributed random variables with mean zero 
and variance (J'2. The coefficients ao, aI, ... , a q are usually constrained 
so that the roots of the characteristic polynomial equation in x 
q 
ao - L aixi = ° 
i=l 
1 The question of the significance of model sensitivity is the subject of current re-
search. For example, Wright (1997) and Chadburn and Wright (2000) investigate the 
sensitivity of outcomes in pension funding models and life insurance asset-liability 
models, respectively, to the choice of stochastic asset model. 
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lie outside the unit circle. These constraints are required so that the 
model is invertible, i.e., that 
00 
6.k - 0 = L bj(6.k-j - 0) (2) 
j=O 
for some sequence of constants bj, j = 0,1, .... The invertibility re-
quirement ensures that the right side of equation (2) is convergent (Box 
and Jenkins, 1976). 
Two MA(q) models are considered: 
• q = 0, in which case the 6.kS are independent, identically dis-
tributed random variables; and 
• q = 1,2, ... , in which case the 6.kS are dependent random vari-
ables. 
These cases are considered in Sections 2 and 3, respectively. 
For each MA(q) model, we derive the moments of the k-period dis-
count factor (measured from time 0), Vb where 
k 
Vk = n 1 = e-I~=I~S 
5=1 (1 + ik) 
(3) 
for k = 1,2, ... with Vo = 1. In addition the moments of certain insur-
ance and annuity functions are derived. 
Throughout this paper we use the notation 
M(T) = E[e ET ], 
which is the moment-generating function of E. We assume M(T) exists 
for some T > 0. 
Finally, we give an expression for the coefficients of skewness and 
kurtosis for a random variable X with mean Ox and variance a} 
. . E[(X - Ox)3] CoeffiClent of Skewness of X = 3 
ax 
C ffi · fK . fX E[(X-OX)4] oe Clent 0 urtoslS 0 = 4 
ax 
The coefficient of skewness measures the lack of symmetry in a prob-
ability distribution. The coefficient of kurtosis measures the extent to 
which the peak of a unimodal probability distribution departs from the 
shape of a normal distribution by being flatter or more pointed. 
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2 The Independent Interest Rate Model MA(O) 
Let us consider the case where the EkS are assumed to be a sequence 
of LLd. normal random variables with mean 0 and variance (52. 2 This 
assumption also provides a benchmark assumption against which more 
complex models can be compared. 
2.1 Some Basic Results 
As EkS are LLd. normal random variables with mean 0 and variance 
(52, their moment generating function is 
1 2 2 
M(T) = ezT (]" . 
The moment-generating function of 6.k is thus 
The moments of Vk can easily be found as: 
where 
E[vr] = E[e-n2:Y~l ilj] 
= (Mil (_n))k 
= e-nk8 (M(-n))k 
E[vr] = e- kdn 
1 d n = no - Z-n2(52 for n = 1,2, .... 
Similarly, for r, 5, m, n = 1,2, ... and r ~ 5 + 1, we find that 
(4) 
(5) 
(6) 
(7) 
2The LLd. assumption means that In(vk) is a random walk, which is a desirable 
feature from a financial economics viewpoint. The random walk is a special case of 
a martingale, and its structure does not permit riskless arbitrage (Baxter and Rennie 
(1996)). No riskless arbitrage is a desirable quality in modern finance theory. 
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E[v;tvf] = E[e-mL:j~1 L'..j+-nL:k~1 L'..k] 
= E[eL:j~I-(m+n)L'..j+L:j~S+1 -mL'..j] 
= (ML'.. (- (m + n»))s (ML'.. (-m)) (r-s) 
= e-(m+n)sc5 (M(-(m + n»))s e-m (r-s)c5 (M(_m»(r-s) 
= e-(mr+ns)c5+~(s(m+n)2+(r-s)m2)a-2 
= esmna-2 e-(rdm+sdn ). (8) 
Next, we let iinl denote the stochastic equivalent for the traditional 
immediate annuity-certain anl, i.e., 
It follows that 
where 
n 
E[iinl] = L ek<pk 
k=l 
c5 I 2 e = e- and <p = eza- . 
(9) 
Waters (1978) provides simple expressions for some of the moments 
of iinl that are useful for calculating the high order moments of certain 
actuarial functions. They will be used later in some numerical examples. 
The following results are obtained by Waters (1978): 
n n k-l 
E[ii~] = L e 2k <p4k + 2 L L e(k+ j) <p(k+3j ) (10) 
k=l k=2j=1 
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n 
E[a~] = L e 3k cp9k 
k=l 
n k-l 
+ 3 L L [e(2k+j)cp(4k+S j ) + e(k+2j )cp(k+8j )] 
k=2j=1 
n k-lj-l 
+ 6 L L L e(i+ j+k) cp(Si+3 j +k) 
k=3 j=2 i= 1 
n 
E[a~] = L e 4k cp16k 
k=l 
n k-l 
+ 4 L L (8(k+3 j )cp(k+1S j ) + e(3k+ j )cp(9k+7j ») 
k=2 j=l 
n k-l 
+ 6 L L e(2k+2 j )cp(4k+12j ) 
k=2 j=l 
n k-lj-l 
+ 12 L L L [e(i+ j +2k)cp(7i+S j +4k) 
k=3 j=2 i=l 
+ e(i+2j+k) cp(7i+8j +k) + e(2i+ j+k) cp (12i+3j+k)] 
n k-l j-l i-l 
183 
(11) 
+ 24 L L L L e(h+i+ j +k)cp(7h+Si+3j +k) (12) 
k=4j=3 i=2 h=l 
and 
ifm ;:::n 
(13) 
ifm < n. 
2.2 Moments of Life Insurance Functions 
This section is based on the approach of Frees (1990). We assume 
that there is only one decrement (mortality) and that mortality is inde-
pendent of the sequence !::,.k. Let T == T(x) denote the random future 
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time until death of a person age x and K == K(x) denote the largest in-
teger less than or equal to T, Le., K ~ T < K + 1. The standard actuarial 
notation is used where possible. 
Two types of general contracts are considered: insurance and annu-
ity contracts. For k = 0,1, ... , a general insurance contract is consid-
ered with death benefit bk+l ;:::: ° is taken to be payable at the end of 
the policy year of death given that death occurs during the k + 1 policy 
year, Le., in year (k, k + 1). The random present value of this insurance 
benefit is 
(14) 
For k = 0, 1, ... , the general annuity contract pays Ck (- 00 < Ck < 00) 
at the start of the policy year, Le., at time k, and payments continue for 
life. The random present value of the annuity benefits is then: 
The nth moment of Z is easily derived as follows: 
E[Zn] = E[E[v~+lb~+lIK]] 
= E[e-(K+l)dn b~+d 
00 
= I e-(k+l)dnbr+lk Ilqx. 
k=O 
(15) 
(16) 
This equation, however, is the net single premium (or actuarial present 
value) for a general whole life policy evaluated using a constant interest 
i~ given by 
(17) 
This interpretation only makes sense, of course, ifdn ;:::: 0. 
For the case of general annuity contracts, the moments are more 
difficult to determine. The first two moments are: 
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and 
K 
E[Y] = E[E[I vscslK]] 
K 
s=o 
K 
= E[ I cse-Sd1 ] 
s=o 
00 k 
= I I cse-Sd1 k Ilqx 
k=Os=O 
00 
= I cse-Sd1 sPx 
s=o 
E[y2] = E[E[(I vscs)2IK]] 
s=o 
K K r-l 
= E[E[ I vic} + 2 I I VsCsVrCr IK]] 
s=o r=ls=O 
K K r-l 
= E[I e-d2S c}] + 2E[ I I e-dlSe-(d2-dJlrCrCs] 
s=o r=ls=O 
00 k 
= I k Ilqx I e-dzsc} 
k=O s=o 
00 K r-l 
185 
(18) 
+ 2 I k Ilqx I I e-d1Se-(dz-dJlr CrCs· (19) 
k=l r=ls=O 
In addition, 
K 
E[ZY] = E[E[bK+l I vsCsIK]] 
s=O 
K 
= E[bK+l I e-S(d2- dJl e -(K+l)dl cs] 
s=o 
00 k 
= I k Ilqxh+l I e-S(d2-dJle-(k+l)dlcs. (20) 
k=O s=o 
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For basic insurance and annuity products, the expressions for E[Z] 
and E[Y] can be simplified. For example, let Z be the present value of 
the benefit for a standard whole life insurance policy with death benefit 
of 1 issued to a life age x. 
00 
E[Z] = I k Ilqxe-(k+l)d1 = A;, 
k=O 
which is the net single premium for a traditional whole life policy eval-
uated using a constant interest i* = ed1 - 1. This interpretation only 
makes sense, of course, if dl ;::: O. A similar result applies to term in-
surance and endowment insurance poliCies with face value 1, i.e., use a 
constant interest i* to determine their net single premiums. This new 
force of interest dl (defined by equation (7)) consists of the mean force 
of interest (j less an allowance for the inherent volatility (0- 2 /2). 
Let Y be the present value of a standard annuity due paying 1 per 
year for life issued to a life age x. Then, 
00 
E[y] = I e-5d1 sPx = a; 
5=0 
which is the actuarial present value of a traditional whole life annuity 
evaluated using a constant interest i*, i.e., constant force of interest 
dl. A similar result applies to temporary annuities, i.e., use a constant 
interest i*. 
2.3 Examples 
We will now derive the net single premium (mean), variance, skew-
ness, and kurtosis of five baSic insurance products: endowment, term 
(temporary) insurance, whole life, temporary annuity, and whole life 
annuity. The calculations are based on the assumption that all lives are 
subject to the mortality experience of the British A 1967-70 (Ultimate) 
mortality table, and that (j = 0.07. 
Let 
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and 
VK+l 
o 
K=O,I •...• n-l 
K = n.n+ 1 •... ; 
K = 0.1 •... • n-l 
K = n.n+ 1 •... ; 
K=O.I •...• n-l 
K =n.n+ 1 •... ; 
n-Year Endowment 
n-Year Term Insurance 
Whole Life 
n-Year Temporary Annuity 
Whole Life Annuity. 
Equation (16) is used to determine the moments of ZI. Z2. and Z3. The 
results of equations (9) to (12) combined with the methodology under-
lying equations (18) and (19) are used to determine the moments of Yl 
and Y2. Note that 
Tables 1 to 5 show the mean. standard deviation. skewness. and 
kurtosis for several values of (T. x. and n (as appropriate). and 8 for 
the respective cases of a standard endowment (Zd. term (Z2). and 
whole life (Z3) insurance. and a temporary (Yd and whole life (Y2) 
annuity. Notice that in each example. the standard deviation of the 
random variable increases as (T increases. but the amount of increase 
is not significant. 
The results in Tables 1 to 5 show that the greater part of the differ-
ences between these means is due to fluctuations in the age at death 
as opposed to fluctuations in the interest rates. This situation changes 
if we consider a large number of independent lives - then the fluctua-
tions in interest rates would become more important; see. for example. 
Marceau and Gaillardetz (1999). 
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Table 1 
Endowment Insurance for 20,30, and 40 Years 
Using the I.I.D. Model with {j = 7% 
(Y = 0.00 (Y = 0.03 
Age 20 yrs 30 yrs 40 yrs 20 yrs 30 yrs 40 yrs 
Net Single Premium 
25 0.2507 0.1310 0.0759 0.2530 0.1326 0.0771 
30 0.2522 0.1354 0.0846 0.2544 0.1371 0.0858 
35 0.2560 0.1444 0.0999 0.2582 0.1461 0.1012 
40 0.2632 0.1599 0.1240 0.2654 0.1617 0.1255 
45 0.2757 0.1848 0.1591 0.2779 0.1866 0.1607 
Standard Deviation 
25 0.0401 0.0550 0.0652 0.0524 0.0590 0.0669 
30 0.0438 0.0625 0.0753 0.0553 0.0663 0.0771 
35 0.0547 0.0787 0.0936 0.0644 0.0821 0.0955 
40 0.0721 0.1017 0.1173 0.0798 0.1047 0.1194 
45 0.0946 0.1289 0.1433 0.1008 0.1317 0.1455 
Coefficient of Skewness 
25 12.17 9.48 7.74 5.61 7.82 7.33 
30 10.28 7.41 5.82 5.26 6.37 5.58 
35 7.77 5.46 4.32 4.89 4.96 4.19 
40 5.70 4.03 3.26 4.29 3.80 3.20 
45 4.17 2.98 2.50 3.51 2.87 2.46 
Coefficient of Kurtosis 
25 165.99 106.91 76.52 59.54 82.93 71.18 
30 122.68 68.83 46.31 50.67 56.49 43.72 
35 71.70 38.79 26.67 39.35 34.28 25.64 
40 39.42 21.94 16.08 27.59 20.42 15.65 
45 21.87 12.83 10.21 17.85 12.31 10.01 
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Table 1 (contd.) 
Endowment Insurance for 20,30, and 40 Years 
Using the I.I.D. Model with 8 = 7% 
u = 0.05 u = 0.07 
Age 20 yrs 30 yrs 40 yrs 20 yrs 30 yrs 40 yrs 
Net Single Premium 
25 0.2570 0.1357 0.0793 0.2631 0.1404 0.0826 
30 0.2584 0.1402 0.0881 0.2646 0.1449 0.0916 
35 0.2622 0.1492 0.1036 0.2683 0.1540 0.1073 
40 0.2694 0.1649 0.1281 0.2756 0.1698 0.1321 
45 0.2819 0.1899 0.1636 0.2880 0.1949 0.1680 
Standard Deviation 
25 0.0700 0.0663 0.0702 0.0925 0.0774 0.0756 
30 0.0724 0.0732 0.0806 0.0943 0.0839 0.0863 
35 0.0797 0.0882 0.0991 0.1002 0.0980 0.1051 
40 0.0927 0.1102 0.1233 0.1111 0.1191 0.1296 
45 0.1115 0.1369 0.1498 0.1275 0.1453 0.1566 
Coefficient of Skewness 
25 2.70 5.82 6.67 1.74 4.14 5.80 
30 2.69 5.03 5.19 1.77 3.82 4.67 
35 2.86 4.24 3.99 1.92 3.49 3.73 
40 2.94 3.44 3.09 2.08 3.03 2.95 
45 2.73 2.69 2.40 2.10 2.48 2.32 
Coefficient of Kurtosis 
25 21.16 55.42 62.40 10.08 33.57 51.08 
30 19.86 41.05 39.45 9.94 27.42 33.92 
35 19.10 27.88 23.94 10.41 21.24 21.72 
40 16.92 18.06 14.95 10.50 15.31 14.06 
45 13.17 11.46 9.69 9.43 10.42 9.30 
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Table 2 
Term (Temporary) Insurance for 20, 30, and 40 Years 
Using the I.I.D. Model with f> = 7% 
if = 0.00 if = 0.03 
Age 20 yrs 30 yrs 40 yrs 20 yrs 30 yrs 40 yrs 
Net Single Premium 
25 0.0088 0.0158 0.0257 0.0088 0.0159 0.0259 
30 0.0131 0.0253 0.0405 0.0132 0.0255 0.0410 
35 0.0225 0.0425 0.0645 0.0226 0.0428 0.0651 
40 0.0395 0.0705 0.0991 0.0397 0.0711 0.1001 
45 0.0675 0.1125 0.1448 0.0679 0.1133 0.1461 
Standard Deviation 
25 0.0688 0.0763 0.0794 0.0693 0.0771 0.0804 
30 0.0800 0.0901 0.0922 0.0806 0.0912 0.0936 
35 0.1022 0.1129 0.1114 0.1030 0.1143 0.1131 
40 0.1332 0.1414 0.1334 0.1344 0.1432 0.1354 
45 0.1705 0.1711 0.1549 0.1720 0.1732 0.1572 
Coefficient of Skewness 
25 8.95 6.76 5.72 8.98 6.75 5.68 
30 6.97 4.92 4.16 7.00 4.92 4.13 
35 5.10 3.56 3.15 5.12 3.56 3.12 
40 3.68 2.60 2.50 3.70 2.61 2.48 
45 2.63 1.90 2.06 2.65 1.91 2.04 
Coefficient of Kurtosis 
25 91.00 58.89 47.46 91.45 58.58 46.68 
30 56.77 33.44 27.65 57.14 33.29 27.18 
35 31.21 18.68 17.00 31.47 18.62 16.74 
40 17.07 11.08 11.54 17.23 11.05 11.37 
45 9.52 7.05 8.39 9.61 7.02 8.27 
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Table 2 (contd.) 
Term (Temporary) Insurance for 20, 30, and 40 Years 
Using the 1.1.0. Model with 0 = 7% 
if = 0.05 if = 0.07 
Age 20 yrs 30 yrs 40 yrs 20 yrs 30 yrs 40 yrs 
Net Single Premium 
25 0.0089 0.0161 0.0264 0.0090 0.0165 0.0272 
30 0.0133 0.0258 0.0418 0.0135 0.0264 0.0430 
35 0.0228 0.0434 0.0664 0.0231 0.0444 0.0683 
40 0.0400 0.0721 0.1019 0.0406 0.0736 0.1047 
45 0.0685 0.1148 0.1485 0.0694 0.1171 0.1522 
Standard Deviation 
25 0.0700 0.0663 0.0702 0.0715 0.0807 0.0853 
30 0.0724 0.0732 0.0806 0.0836 0.0962 0.1001 
35 0.0797 0.0882 0.0991 0.1071 0.1209 0.1213 
40 0.0927 0.1102 0.1233 0.1397 0.1514 0.1451 
45 0.1115 0.1369 0.1498 0.1787 0.1831 0.1682 
Coefficient of Skewness 
25 9.03 6.73 5.60 9.12 6.74 5.51 
30 7.05 4.93 4.09 7.15 4.96 4.04 
35 5.18 3.58 3.09 5.26 3.61 3.07 
40 3.75 2.62 2.45 3.82 2.65 2.43 
45 2.68 1.91 2.01 2.74 1.94 1.98 
Coefficient of Kurtosis 
25 92.41 58.15 45.39 94.24 57.83 43.75 
30 57.93 33.12 26.44 59.46 33.14 25.58 
35 32.01 18.59 16.33 33.04 18.71 15.88 
40 17.55 11.03 11.10 18.16 11.11 10.81 
45 9.80 7.00 8.08 10.15 7.03 7.87 
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Table 3 
Whole Life Insurance 
Using the I.I.D. Model with 8 = 7% 
Age (]" = 0.0 (]" = 0.03 (]" = 0.05 (]" = 0.07 
Net Single Premium 
25 0.0469 0.0477 0.0491 0.0513 
30 0.0630 0.0639 0.0656 0.0683 
35 0.0856 0.0867 0.0888 0.0920 
40 0.ll61 0.ll74 0.ll98 0.1236 
45 0.1556 0.1572 0.1600 0.1643 
Standard Deviation 
25 0.0739 0.0750 0.0772 0.0807 
30 0.0837 0.0852 0.0879 0.0924 
35 0.1006 0.1023 0.1056 0.ll08 
40 0.1221 0.1241 0.1278 0.1339 
45 0.1459 0.1481 0.1523 0.1590 
Coefficient of Skewness 
25 6.24 6.13 5.94 5.66 
30 4.81 4.73 4.58 4.39 
35 3.77 3.71 3.61 3.49 
40 3.01 2.97 2.90 2.81 
45 2.40 2.37 2.32 2.25 
Coefficient of Kurtosis 
25 55.44 53.89 51.18 47.35 
30 34.98 33.98 32.31 30.07 
35 22.08 21.54 20.64 19.49 
40 14.50 14.20 13.71 13.10 
45 9.77 9.59 9.32 9.00 
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Table 4 
Temporary Annuity for 20, 30, and 40 Years 
Using the I.I.D. Model with 6 = 7% 
<Y = 0.0 <Y = 0.03 
Age 20 yrs 30 yrs 40 yrs 20 yrs 30 yrs 40 yrs 
Net Single Premium 
25 10.324 11.969 12.718 10.362 12.026 12.786 
30 10.299 11.898 12.583 10.337 11.954 12.650 
35 10.237 11.756 12.348 10.275 11.811 12.412 
40 10.119 11.512 11.980 10.156 11.565 12.039 
45 9.917 11.127 11.450 9.953 11.176 11.504 
Standard Deviation 
25 0.6188 0.8311 0.9759 0.9411 1.2325 1.4091 
30 0.6796 0.9482 1.1273 0.9812 1.3111 1.5105 
35 0.8505 1.1929 1.3982 1.1051 1.4929 1.7119 
40 1.1188 1.5366 1.7473 1.3206 1.7731 1.9941 
45 1.4637 1.9407 2.1276 1.6203 2.1244 2.3189 
Coefficient of Skewness 
25 -11.84 -9.27 -7.60 -3.21 -2.66 -2.33 
30 -9.91 -7.20 -5.71 -3.14 -2.54 -2.18 
35 -7.46 -5.31 -4.24 -3.26 -2.55 -2.13 
40 -5.47 -3.92 -3.22 -3.21 -2.42 -2.02 
45 -4.00 -2.90 -2.48 -2.86 -2.10 -1.79 
Coefficient of Kurtosis 
25 157.96 102.91 74.47 31.19 22.93 18.77 
30 114.76 65.62 44.96 27.92 19.40 15.36 
35 66.63 36.98 26.01 24.55 16.17 12.65 
40 36.66 21.01 15.80 19.68 12.61 10.08 
45 20.41 12.39 10.11 14.12 9.15 7.71 
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Table 4 (contd.) 
Temporary Annuity for 20, 30, and 40 Years 
Using the 1.1.0. Model with 8 = 7% 
(]" = 0.05 (]" = 0.07 
Age 20 yrs 30 yrs 40 yrs 20 yrs 30 yrs 40 yrs 
Net Single Premium 
25 10.431 12.128 12.910 10.535 12.283 13.099 
30 10.405 12.054 12.770 10.509 12.208 12.955 
35 10.342 11.909 12.527 10.445 12.059 12.703 
40 10.222 11.659 12.147 10.323 11.803 12.312 
45 10.017 11.264 11.602 10.114 11.399 11.751 
Standard Deviation 
25 1.3463 1.7504 1.9818 1.8128 2.3592 2.6667 
30 1.3735 1.8021 2.0444 1.8316 2.3921 2.6995 
35 1.4625 1.9314 2.1818 1.8966 2.4815 2.7839 
40 1.6283 2.1450 2.3885 2.0229 2.6369 2.9188 
45 1.8749 2.4290 2.6389 2.2196 2.8520 3.0880 
Coefficient of Skewness 
25 -0.81 -0.60 -0.48 0.06 0.21 0.30 
30 -0.86 -0.66 -0.53 0.03 0.16 0.25 
35 -1.15 -0.89 -0.72 -0.16 0.00 0.10 
40 -1.50 -1.12 -0.91 -0.46 -0.23 -0.10 
45 -1.67 -1.20 -0.99 -0.74 -0.43 -0.28 
Coefficient of Kurtosis 
25 9.59 7.83 7.02 5.32 4.94 4.82 
30 9.30 7.46 6.60 5.27 4.86 4.72 
35 9.72 7.46 6.48 5.55 4.94 4.73 
40 9.83 7.18 6.21 5.88 4.98 4.70 
45 8.80 6.30 5.58 5.84 4.77 4.52 
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Table 5 
Whole life Annuity 
Using the 1.1.0. Model with (j = 7% 
Age (J" = 0.0 (J" = 0.03 (J" = 0.05 (J" = 0.07 
Net Single Premium 
25 13.097 13.174 13.312 13.525 
30 12.860 12.933 13.064 13.265 
35 12.526 12.593 12.715 12.902 
40 12.074 12.136 12.247 12.417 
45 11.489 11.544 11.643 11.794 
Standard Deviation 
25 1.093 1.536 2.135 2.863 
30 1.239 1.625 2.175 2.860 
35 1.488 1.804 2.283 2.902 
40 1.806 2.055 2.454 2.994 
45 2.157 2.350 2.672 3.125 
Coefficient of Skewness 
25 -6.242 -2.033 -0.380 0.366 
30 -4.809 -1.914 -0.437 0.313 
35 -3.769 -1.927 -0.626 0.162 
40 -3.009 -1.889 -0.833 -0.047 
45 -2.399 -1.732 -0.951 -0.244 
Coefficient of Kurtosis 
25 55.440 15.873 6.496 4.793 
30 34.979 13.205 6.166 4.696 
35 22.083 11.305 6.125 4.689 
40 14.505 9.441 5.981 4.670 
45 9.765 7.493 5.485 4.505 
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Tables 1 to 3 show that the values of skewness and kurtosis are 
both large, reflecting the skew and sharply peaked shape of the density 
functions. They also show that an increase in ()" is associated with 
decreases in the absolute values of the skewness and kurtosis because 
when ()" increases, the density function will tend to be spread more 
evenly over its range. Tables 4 and 5 show similar features, although 
the skewness is negative for many cases and becomes more positive as 
()" is increased. 
3 The Moving Average Process MA(q) 
As noted by Frees (1990), the assumption that the sequence 6.k con-
sists of LLd. random variables is a useful advance on the traditional 
deterministic assumption that allows the volatility of interest rates to 
be incorporated in the model. 
In practice, however, the LLd (normal or not) assumption will rarely 
be satisfied. Investment returns often feature underlying patterns, in-
cluding characteristics such as dependency, trend, seasonality, and cyclic 
fluctuations. It is more reasonable to assume that successive interest 
rates are stochastic and dependent. Thus we assume that the force of 
interest follows a moving average model of order q (MA(q» and gen-
eralize some of the ideas of Frees (1990), who used the Simpler MA(l) 
model. 
The MA(q) model accounts for some correlation between the rates 
and is tractable (in the mathematical sense) in terms of the calcula-
tion of insurance functions. Moving average time series models are 
more tractable than autoregressive time series models-as exemplified 
by comparison of our closed-form results with those of Panjer and 
Bellhouse (1980). Further, as noted by Mills (1999), the autocorrela-
tion functions and partial autocorrelation functions of these two struc-
turally different time-series models often appear similar. 
Although there are many examples in the literature of successful 
empirical studies using AR (p) models, there are fewer case studies 
using MA(q) models. Examples include: 
• MA(2) model fitted to the differences in the U.K. de Zoete Eq-
uity Index from 1919 to 1978 (Maturity Guarantees Working Party, 
1980) 
• MA(l) model fitted to Salomon Brothers u.S. Bondlndex from 
1926 to 1985 (Frees, 1990) 
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• MA(l) model fitted to nominal returns on the U.K. Financial Times 
- Actuaries All Share Index from 1965 to 1995 (Mills, 1999). 
The MA(q) model also has been applied to pension funding problems 
by Haberman and Wong (1997) and Bedard and Dufresne (1998). 
3.1 Basic Results 
We will now derive expressions for E[ Vk] and E[ vptv'J"] for an MA(q) 
process. 
Proposition 3. Suppose t:.k follows a MA(q) process, i.e., 
for q = 1,2, ... with ao = 1. It follows that 
and 
k k 
I t:.r = k6 + I (){h (k)Eh 
r=l h=l-q 
k 
E[Vk] = e-ko n M(-(){h(k» 
h=l-q 
for k = 1,2, ... , where M(T) = E [e TEk ], and for (i) q :::: k, 
and, (ii) q < k, 
for h = 1 - q, 2 - q, ... , k - q - 1 
for h = k - q, k - q + 1, ... ,0 
forj=I,2, ... ,k 
for h:::: k + 1 
for h = 1 - q, 2 - q, ... ,0 
forh= 1,2, ... ,k-q-l 
for h = k - q, k - q + 1, ... , k 
for h:::: k + 1. 
(21) 
(22) 
(23) 
(24) 
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q 
Llr =6+ LajEr-j forr= ... ,-l,O,l, ... 
j=O 
it follows that 
k k q 
L Llr = k6 + L L ajEr-j. 
r=l r=lj=O 
Substituting h = r - j yields 
k q h=k-j 
L Llr = k6 + L L ajEh. 
r=l j=O h=l- j 
We change the order of summation and write 
k k 
L Llr = k6 + L ()(h(k)Eh 
r=l h=l-q 
where the ()(h (k)s are constants to be determined. 
When changing the order of summation, there are then two cases to 
consider (i) q ~ k and (ii) q :::; k - 1. 
Case 1: q ~ k. 
The second term of equation (21) corresponds to summing 
over the area represented by the parallelogram ACFE in Figure 
1. There are three distinct regions: the triangles ACB and DFE 
and the parallelogram BCDE. Changing the order of summa-
tion corresponds to changing from summing over horizontal 
strips to summing over vertical strips. 
It is then straightforward to show that the form of ()(h (k) is 
given by equation (23). 
Case 2: q:::; k - 1. 
The second term of equation (21) now corresponds to sum-
ming over the area represented by the parallelogram ADFB in 
Figure 2. The distinct regions are the triangles ACB and DFE 
and the rectangle BCDE. It is theh straightforward to show 
that the form of ()(h (k) is given by equation (24). The propo-
sition is thus proved. 
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(I-q,q) 
A 
(I-q,O) 
Figure 1 
Regions of Summation for the Case q 2:: k 
j 
(k-q,q) 
(k-q,O) (1,0) 
Figure 2 
Regions of Summation for the Case q ::; k - 1 
(l-q,q) (l,q) (k-q,q) 
A 
C 
B E 
( l-q,O) (1,0) (k-q,O) 
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F 
(k,O) 
F 
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We can easily use Proposition 1 to prove the following: 
t 
E[vr]=e-nkO n M(-nOl.h(t)) fort,n=I,2,... (25) 
h=l-q 
and, for s, t, m, n = 1,2, ... 
Max(s,t) 
= e-(ms+nt)o n M (-(mOl.h(s) + nOl.h(t))) for sf=. k. 
h=l-q 
Under the simplifying assumption that E ~ N(O, (]"2), 
and equation (25) yields 
k 
E[Vr]=e-nko n e~U2(nlXh(k))2 
h=l-q 
= e-nko+~n2u2 Itl_Q(lXh(k))2. 
(26) 
(27) 
It is straightforward to show that the particular case q = 1 leads to the 
results obtained by Frees (1990). 
Recall equations (6) and (7), which give the corresponding result for 
the LLd. case: 
It is not clear which of these two expected values (in equations (6) and 
(27)) is the larger and, hence, which would lead to larger single premi-
ums or reserves. The answer depends on whether or not the term 
k L (OI.h(k))2 ~ k. 
h=l-q 
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3.2 Life Insurance Actuarial Functions 
If we consider the general insurance and annuity contracts given in 
equations (14) and (15), respectively, we can easily calculate their first 
two moments. 
For convenience, we will define the quantities 
and 
k 
Dk(n) = n M(-nOl.h(k» 
h=l-q 
Max(s,t) 
(28) 
Gs,dm,n)= n M(-(mOl.h(s)+nOl.h(t»). (29) 
h=l-q 
For Z, the nth moment is given by 
E[zn] = E[E[v~+lb~+lIK]] 
= E[e-no(K+l) DK+l (n)b~+d 
00 
= L e-n(k+l)o Dk+l (n)br+lk ilqx. 
k=O 
(30) 
For the case of general annuity contracts, the moments are more 
difficult to determine. The first two moments are: 
and 
K 
E[Y] = E[E[L vscsIK]] 
s=o 
K 
= E[L cse-SOD s(I)] 
s=O 
00 k 
= L L cse-soDs(lh ilqx 
k=Os=O 
00 
= L cse-SODs(l)spx 
s=o 
(31) 
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K 
E[y2] = E[E[(I VsCs )2IKJ] 
s=O 
K K r-l 
= E[E[ I vic; + 2 I I VsCsvrcrIK]] 
s=O r=l s=O 
K K r-l 
= E[ I e- 2SODs (2)c;] + 2E[ I I e-2(r+s)oGr ,s(l, l)cscr ] 
s=o r=l s=o 
00 k 
= I k Ilqx I e- 2SODs (2)c; 
k=O s=o 
00 k r-l 
+ 2 I k Ilqx I I e-2(r+S)OGr,s(l, l)crcs. (32) 
k=l r=ls=O 
3.3 Examples 
Tables 6 to 8 present the calculated values for the moments in the 
cases of an endowment, temporary insurance, and whole life insurances 
in the MA(l) case (with al = 0.5) with /5 = 0.07 for different choices of 
x, n (where appropriate) and (T. The tables show that an MA(l) model 
with E~N(O, (T2) yields a higher standard deviation for Z than an LLd. 
model with 6..k~N(/5, (T2). This is because 6..k has a higher variance. 
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Table 6 
Endowment Insurance for 20,30, and 40 Years 
Using An MA(l) Model with al = 0.5 and t5 = 7% 
(T = 0.00 (T = 0.03 
Age 20 yrs 30 yrs 40 yrs 20 yrs 30 yrs 40 yrs 
Net Single Premium 
25 0.0088 0.0158 0.0257 0.0089 0.0160 0.0260 
30 0.0131 0.0253 0.0405 0.0132 0.0255 0.0411 
35 0.0225 0.0425 0.0645 0.0226 0.0429 0.0653 
40 0.0395 0.0705 0.0991 0.0397 0.0712 0.1004 
45 0.0675 0.1125 0.1448 0.0680 0.1135 0.1465 
Standard Deviation 
25 0.0688 0.0763 0.0794 0.0694 0.0773 0.0807 
30 0.0800 0.0901 0.0922 0.0808 0.0914 0.0939 
35 0.1022 0.1129 0.1114 0.1032 0.1147 0.1136 
40 0.1332 0.1414 0.1334 0.1347 0.1436 0.1360 
45 0.1705 0.1711 0.1549 0.1723 0.1737 0.1578 
Coefficient of Skewness 
25 8.95 6.76 5.72 8.99 6.74 5.67 
30 6.97 4.92 4.16 7.01 4.92 4.13 
35 5.10 3.56 3.15 5.13 3.57 3.12 
40 3.68 2.60 2.50 3.71 2.61 2.48 
45 2.63 1.90 2.06 2.65 1.91 2.04 
Coefficient of Kurtosis 
25 91.00 58.89 47.46 91.58 58.51 46.49 
30 56.77 33.44 27.65 57.24 33.26 27.07 
35 31.21 18.68 17.00 31.54 18.61 16.68 
40 17.07 11.08 11.54 17.27 11.04 11.33 
45 9.52 7.05 8.39 9.64 7.01 8.24 
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Table 6 (contd.) 
Endowment Insurance for 20,30, and 40 Years 
Using An MA(l) Model with al = 0.5 and (5 = 7% 
(T = 0.05 (T = 0.07 
Age 20 yrs 30 yrs 40 yrs 20 yrs 30 yrs 40 yrs 
Net Single Premium 
25 0.0089 0.0162 0.0266 0.0091 0.0166 0.0276 
30 0.0133 0.0260 0.0421 0.0136 0.0267 0.0437 
35 0.0229 0.0437 0.0669 0.0233 0.0448 0.0693 
40 0.0402 0.0724 0.1026 0.0408 0.0743 0.1061 
45 0.0687 0.1154 0.1495 0.0699 0.1183 0.1542 
Standard Deviation 
25 0.0705 0.0790 0.0831 0.0722 0.0819 0.0870 
30 0.0823 0.0939 0.097l 0.0846 0.0978 0.1023 
35 0.1052 0.1179 0.1176 0.1083 0.1230 0.1241 
40 0.1373 0.1476 0.1407 0.1414 0.1541 0.1484 
45 0.1757 0.1786 0.1632 0.1809 0.1863 0.1719 
Coefficient of Skewness 
25 9.05 6.73 5.58 9.18 6.75 5.48 
30 7.08 4.93 4.07 7.21 4.98 4.03 
35 5.20 3.58 3.08 5.31 3.64 3.06 
40 3.76 2.63 2.44 3.86 2.67 2.42 
45 2.69 1.92 2.00 2.77 1.96 1.98 
Coefficient of Kurtosis 
25 92.83 58.02 44.93 95.40 57.86 43.07 
30 58.28 33.09 26.18 60.42 33.30 25.27 
35 32.25 18.60 16.19 33.68 18.87 15.74 
40 17.69 11.04 11.01 18.53 11.22 10.72 
45 9.88 7.00 8.01 10.37 7.09 7.81 
Haberman, Gerrard, and Velmachos: Life Contingencies 205 
Table 7 
Term (Temporary) Insurance for 20, 30, and 40 Years 
Using An MA(1) Model with al = 0.5 and 8 = 7% 
u = 0.05 u = 0.07 
Age 20 yrs 30 yrs 40 yrs 20 yrs 30 yrs 40 yrs 
Net Single Premium 
25 0.2507 0.1310 0.0759 0.2535 0.1331 0.0774 
30 0.2522 0.1354 0.0846 0.2550 0.1375 0.0861 
35 0.2560 0.1444 0.0999 0.2588 0.1465 0.1015 
40 0.2632 0.1599 0.1240 0.2660 0.1622 0.1258 
45 0.2757 0.1848 0.1591 0.2785 0.1871 0.1611 
Standard Deviation 
25 0.0401 0.0550 0.0652 0.0551 0.0600 0.0673 
30 0.0438 0.0625 0.0753 0.0579 0.0673 0.0776 
35 0.0547 0.0787 0.0936 0.0667 0.0829 0.0960 
40 0.0721 0.1017 0.1173 0.0817 0.1054 0.1199 
45 0.0946 0.1289 0.1433 0.1023 0.1324 0.1461 
Coefficient of Skewness 
25 12.17 9.48 7.74 4.88 7.47 7.24 
30 10.28 7.41 5.82 4.64 6.15 5.52 
35 7.77 5.46 4.32 4.45 4.84 4.16 
40 5.70 4.03 3.26 4.03 3.74 3.18 
45 4.17 2.98 2.50 3.38 2.84 2.45 
Coefficient of Kurtosis 
25 165.99 106.91 76.52 49.26 78.08 69.89 
30 122.68 68.83 46.31 42.80 53.88 43.09 
35 71.70 38.79 26.67 34.77 33.26 25.39 
40 39.42 21.94 16.08 25.50 20.06 15.55 
45 21.87 12.83 10.21 17.03 12.18 9.96 
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Table 7 (contd.) 
Term (Temporary) Insurance for 20,30, and 40 Years 
Using An MA(1) Model with al = 0.5 and 6 = 7% 
(T = 0.05 (T = 0.07 
Age 20 yrs 30 yrs 40 yrs 20 yrs 30 yrs 40 yrs 
Net Single Premium 
25 0.2585 0.1369 0.0801 0.2663 0.1429 0.0844 
30 0.2600 0.1414 0.0890 0.2678 0.1474 0.0934 
35 0.2638 0.1504 0.1045 0.2715 0.1565 0.1093 
40 0.2710 0.1662 0.1291 0.2787 0.1724 0.1343 
45 0.2835 0.1912 0.1647 0.2912 0.1976 0.1703 
Standard Deviation 
25 0.0762 0.0691 0.0715 0.0722 0.0819 0.0870 
30 0.0784 0.0759 0.0820 0.0846 0.0978 0.1023 
35 0.0852 0.0907 0.1006 0.1083 0.1230 0.1241 
40 0.0976 0.1125 0.1249 0.1414 0.1541 0.1484 
45 0.1157 0.1390 0.1515 0.1809 0.1863 0.1719 
Coefficient of Skewness 
25 2.28 5.26 6.43 1.62 3.64 5.42 
30 2.29 4.64 5.04 1.64 3.43 4.45 
35 2.49 4.01 3.92 1.75 3.22 3.61 
40 2.62 3.32 3.05 1.89 2.87 2.90 
45 2.52 2.63 2.37 1.92 2.40 2.29 
Coefficient of Kurtosis 
25 16.28 48.08 59.24 8.51 27.25 46.18 
30 15.59 36.63 37.90 8.46 23.16 31.52 
35 15.59 25.85 23.32 8.84 18.89 20.76 
40 14.55 17.26 14.70 9.04 14.24 13.69 
45 11.91 11.17 9.57 8.39 10.00 9.16 
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Table 8 
Whole Life Insurance 
Using An MA(l) Model with al = 0.5 and 8 = 7% 
Age (J" = 0.0 (J" = 0.03 (J" = 0.05 (J" = 0.07 
Net Single Premium 
25 0.0469 0.0479 0.0496 0.0524 
30 0.0630 0.0641 0.0663 0.0697 
35 0.0856 0.0870 0.0896 0.0936 
40 0.1161 0.1178 0.1208 0.1256 
45 0.1556 0.1576 0.1611 0.1665 
Standard Deviation 
25 0.0739 0.0753 0.0781 0.0827 
30 0.0837 0.0856 0.0890 0.0948 
35 0.1006 0.1028 0.1069 0.1138 
40 0.1221 0.1246 0.1294 0.1372 
45 0.1459 0.1487 0.1540 0.1627 
Coefficient of Skewness 
25 6.24 6.10 5.86 5.53 
30 4.81 4.70 4.53 4.31 
35 3.77 3.70 3.58 3.43 
40 3.01 2.96 2.87 2.78 
45 2.40 2.36 2.30 2.23 
Coefficient of Kurtosis 
25 55.44 53.50 50.16 45.54 
30 34.98 33.74 31.69 29.08 
35 22.08 21.41 20.32 19.01 
40 14.50 14.13 13.54 12.87 
45 9.77 9.55 9.22 8.88 
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Thus, for the MA(q) model it is straightforward to show that f).k 
follows a normal distribution with mean 0 and variance O"J where 
2 2(1 2 2) O"q = 0" + al + ... + aq , (33) 
which is greater than 0"2. So the variance inMA(q) is higher than for the 
equivalent N(o, 0"2).We then note that increasing q leads to an increase 
in the variance of f).k. 
4 Concluding Comments 
As noted by Frees (1990) and Dufresne (1992), moving average pro-
cesses often lead to tractable results. They are simpler to manipulate 
than the full ARMA processes, but still incorporate dependence over 
time because of the relatively simple form of the covariance structure. 
In this paper, we demonstrate the tractability and convenience in the 
case of standard present value calculations in a life insurance context. 
There is a duality between the standard AR and MA models that often 
makes it difficult to distinguish the two models when fitting models to 
observational data (Frees, 1990). Any lack of fit with actual data from 
MA(q) models may be offset by the simplifications arising from their 
use. 
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